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CHARACTERIZATIONS OF SIGNED MEASURES IN THE DUAL OF BV 
AND RELATED ISOMETRIC ISOMORPHISMS 

NGUYEN CONG PHUC AND MONICA TORRES 


Abstract. We characterize all (signed) measures in B V n ^ (]R^)* . where B V n ^ (M^) is defined 

as the space of all functions u in such that Du is a finite vector-valued measure. We 

also show that B V n ^ (M^)* and BV(W^)* are isometrically isomorphic, where is defined 

as the space of all functions u in L^(R^) such that Du is a finite vector-valued measure. As 
a consequence of our characterizations, an old issue raised in Meyers-Ziemer US] is resolved by 
constructing a locally integrable function / such that / belongs to but |/| does not. 

Moreover, we show that the measures in BU_n_(K")* coincide with the measures in 

the dual of the homogeneous Sobolev space in the sense of isometric isomorphism. For 

a bounded open set Q with Lipschitz boundary, we characterize the measures in the dual space 
BVo{Q)*. One of the goals of this paper is to make precise the definition of BVo{Q), which is the 
space of functions of bounded variation with zero trace on the boundary of Q. We show that the 
measures in BVo(Q)* coincide with the measures in WQ’^(f2)*. Finally, the class of finite measures 
in BV{Q)* is also characterized. 


1. Introduction 

It is a challenging problem in geometric measure theory to give a full characterization of the dual 
of BV, the space of functions of bounded variation. Meyers and Ziemer characterized in [16] the 
positive measures in R” that belong to the dual of i?V(IR"). They defined BV{W^) as the space 
of all functions in L^(R") whose distributional gradient is a finite vector-measure in R" with norm 
given by 

II'*^IIbu(R'*) = ll^'^ll (R")- 

They showed that the positive measure n belongs to i3V(R")* if and only if fi satisfies the condition 

B{B{x,r)) < Cr”-! 

for every open ball B(x, r) C R" and C = C{n). Besides the classical paper by Meyers and Ziemer, 
we refer the interested reader to the paper by De Pauw jH], where the author analyzes SBV*, the 
dual of the space of special functions of bounded variation. 

In Phuc-Torres m we showed that there is a connection between the problem of characterizing 
BV* and the study of the solvability of the equation divF = T. Indeed, we showed that the (signed) 
measure /i belongs to RU(R")* if and only if there exists a bounded vector field F G L°°(R",R") 
such that divF = /r. Also, we showed that /r belongs to BV(R")* if and only if 

( 1 . 1 ) lB(u)l<cn"-\du) 

for any open (or closed) set [/ C R" with smooth boundary. The solvability of the equation divF = 
T, in various spaces of functions, has been studied in Bourgain-Brezis |S|, De Pauw-Pfeffer [TU], De 
Pauw-Torres m and Phuc-Torres [T7| (see also Tadmor HU). 

In De Pauw-Torres HI], another BV-type space was considered, the space i?y_^(R"), defined 
as the space of all functions u G (R") such that Du, the distributional gradient of u, is a finite 
vector-measure in R". A closed subspace of (R")*, which is a Banach space denoted as CHq, 


Key words and phrases. BV space, dual of BV, measures. 


1 



2 


NGUYEN CONG PHUC AND MONICA TORRES 


was characterized in m and it was proven that T £ CHq if and only if T = divF, for a continuous 
vector field F £ vanishing at infinity. 

In this paper we continue the analysis of BV (R")* and BV^^ (R")*. We show that BV (R”)* and 
BV n ^ (R")* are isometrically isomorphic (see Corollary 13.31) . We also show that the measnres in 
BV n^ (R")* coincide with the measnres in W^’^(R”)*, the dual of the homogeneous Sobolev space 
Wi’i(R”) (see Theorem liTll. in the sense of isometric isomorphism. We remark that the space 
ppi,i(Rn)* jg denoted as the G space in image processing (see Meyer [1^), and that it plays a key 
role in modeling the structured component of an image. 

It is obvious that if p is a locally finite signed Radon measure then ||p|| £ i?R(R")* implies that 
p £ i3R(R"')*. The converse was unknown to Meyers and Ziemer as they raised this issue in their 
classical paper na page 1356]. In Section [S] we show that the converse does not hold true in general 
by constructing a locally integrable function / such that / £ i?R(R”)* but |/| ^ Ry(R”)*. 

In this paper we also study these characterizations in bounded domains. Given a bounded open 
set fl with Lipschitz boundary, we consider the space BVo{^) defined as the space of functions of 
bounded variation with zero trace on 90. One of the goals of this paper is to make precise the 
definition of this space (see Theorem 16.101) . We then characterize all (signed) measures in O that 
belong to BVq{VI)* . We show that a locally finite signed measure p belongs to BV[)(yi)* if and only 
if dni) holds for any smooth open (or closed) set U CC O, and if and only if p = divF for a vector 
field F £ L°°(f2,R") (see Theorem 17.411 . Moreover, we show that the measures in i?Vb(II)* coincide 
with the measures in ITQ^’^(n)* (see Theorem 17.6L in the sense of isometric isomorphism. 

In the case of BV{Q?j, the space of functions of bounded variation in a bounded open set Q with 
Lipschitz boundary (but without the condition of having zero trace on 917), we shall restrict our 
attention only to measures in BV{fl)* with bounded total variation in 17, i.e., finite measures. This 
is in a sense natural since any positive measure that belongs to BV{VL)* must be finite due to the 
fact that the function 1 £ BV (17). We show that a finite measure p belongs to BV (17)* if and only if 
CH) holds for every smooth open set U CC R", where p is extended by zero to R" \ 17 (see Theorem 

EM- 

2. Functions of bounded variation 
In this section we define all the spaces that will be relevant in this paper. 

2.1. Definition. Let 17 be any open set. The space At (17) consists of all finite (signed) Radon 
measures p in 17; that is, the total variation of fi, denoted as ||p||, satisfies ||/i|| (17) < oo. The space 
A4ioo(f7) consists of all locally finite Radon measures p, in 17; that is, ||/i|| {K) < oo for every compact 
set K C LI. 

Note here that Aiioc{Lt) is identified with the dual of the locally convex space C'c(I7) (the space 
of continuous real-valued functions with compact support in 17) (see [7]), and thus it is a real vector 
space. For fi £ AdiodLl), it is not required that either the positive part or the negative part of p has 
finite total variation in 17. 

2.2. Definition. Let 17 be any open set. The space of functions of bounded variation, denoted as 
BV{Ll), is defined as the space of all functions u £ L^iLl) such that the distributional gradient Du 
is a finite vector-valued measure in 17. The space BV{Ll) is a Banach space with the norm 

(2-1) ll'*^llBV(n) “ ll'^llLi(n) 

where ||T7u|| (f7) denotes the total variation of the vector-valued measure Du over f7. For the case 
when 17 = M" we will equip i3F(R”) with the homogeneous norm given by 

(2-2) IKIIbv(R") = IlDulKR"). 

Another BV-like space is B V (R"), defined as the space of all functions in (R") such that 
Du is a finite vector-valued measure. The space B V (R") is a Banach space when equipped with 
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the norm 


2.3. Remark. i3y(R”) is not a Banach space under the norm (12.21) . Also, we have 
||Z)u|| (f2) = sup< / udiv(pdx : ip € Cl{^) and |(/3(a;)| < IVx G 


where ip = (t^i, (/J 2 , and |i^(x)| = {(pi{x)'^ + ip 2 {x)^ + ••• + ipn{x)^)^/^. In what follows, we 

shall also write \Du\ instead of ||£*u|| (fd)- 

We will use the following Sobolev’s inequality for functions in i?F(IR.”) whose proof can be found 
in m Theorem 3.47]: 

2.4. Theorem. Let u G i317(IR.”). Then 

(2.3) <C(n)pu||(R"). 

Inequality (12.31) immediately implies the following continuous embedding 

(2.4) Rt/(R”) -A W^(IR”). 

We recall that the standard Sobolev space is defined as the space of all functions u G 

i^(r2) such that Du G L^{H). The Sobolev space W^’^(n) is a Banach space with the norm 

- (lUiuj^ + \D2u\‘^ + • ■ • + |I?„up) 


(2.5) 


ivFi.i(n) 


= w 


Li(n) 


\\Du\ 


Li(n) 


II 


dx. 


However, we will often refer to the following homogeneous Sobolev space. Hereafter, we let 
denote the space of smooth functions with compact support in a general open set LI. 

2.5. Definition. Let W^’^(]R") denote the space of all functions u G L"-i (R") such that Du G 

L^(K”). Equivalently, the space can also be defined as the closure of {W^) in BV (IR") 

(i.e., in the norm ||£)u||^i^]j„^). Thus, u G IT^’^(R") if and only if there exists a sequence Uk G 
C“(]R") such that \D(uk — u)\dx = 0, and moreover, 

I^G1(r") ^ BV.^(W^). 

2.6. Definition. Given a bounded open set LI, we say that the boundary dLl is Lipschitz if for each 

X G dLl, there exist r > 0 and a Lipschitz mapping h : —>• R such that, upon rotating and 

relabeling the coordinate axes if necessary, we have 

LlGB{x,r) = {y= (yi,..., ?/„) : /i(yi,..., y„_i) < y„}nH(a;,r). 

2.7. Remark. Let LI be a bounded open set with Lipschitz boundary. We denote by ITg^’^(H) the 
Sobolev space consisting of all functions in W^’^{Ll) with zero trace on dLl. Then it is well-known 
that C^{Ll) is dense in Wq’ (H). One of the goals of this paper is to make precise the definition 
of BVo{Ll), the space of all functions in BV{Ll) with zero trace on dLl (see Theorem \6.10\) . In this 
paper we equip the two spaces, BVq{LI) and Wq' (LI), with the equivalent norms (see Theorem \6.11\) 
to (12.ip and (12.51) . respectively, given by 

ll^llsuoin) = \Du\dx. 

2.8. Definition. For any open set LI, we let BVc{Ll) denote the space of functions in BViLl) with 
compact support in H. Also, BV°° (H) and BV(f° (LI) denote the space of bounded functions in BV (LI) 
and BVo(Ll), respectively. Finally, BVf^(Ll) is the space of all bounded functions in BV(Ll) with 
compact support in H. 

We will use the following result (see [131 Proposition 1.13]). We include the proof here for the 
sake of completeness. 
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2.9. Lemma. Suppose {uk\ is a sequence in BV{ft) such that ^ u in and 

(2.6) lim f \Duk\ = [ \Du\. 

Jn Jn 

Then for every open set A <Z 


/ \Du\ > lim sup / \Duk\- 
J~AnQ fc-j-oo J~AnSi 


In particular, if then 


(2.7) 


f \Du\ = lim f \Duk\- 
Ja k-^ooJA 


Proof. Consider the open set B = n \ A. Since ^ u in by the lower semicontinuity 

property we have 


( 2 . 8 ) 

On the other hand, 

\Du\+ [ \D 
J B 


\Du\ < liminf / \Duk\, and / \Du\ < liminf / \Duk\. 

Ja Jb Jb 


' AnQ, 


\Du\ 


= lim f \Duk\ = lim ( f \Duk \ + f |L>Ufe| ) , by (12.6p 

\J~Ar\Q. Jb / 

= limsupf /_ \Duk\ + / \Duk\] 
k^oo \J AnQ Jb / 

> limsup / + liminf / \Duk\ 

k—>-oo J AnQ fc— )-oo Jq 

> limsup f_ \Duk\+ [ \Du\, by (|2^ , 

fc—>-oo J Anil J B 


and hence 


/ \Du\ > limsup / \Duk\. 
JAnii k^oo J~Anii 


In particular, if ^ then we obtain from the last inequality 

/ \Du\ = / |Dit| > limsup / \Duk\ > limsup / \Duk\ > liminf / \Duk\, 
J A J Anil fe—>oo J Anil fc—»oo J A fc—loo J 


and since, by 


clearly (|2.7D follows. 


/ \D'u\ < liminf / \Duk\ < limsup / \Duk\, 
Ja k^oo J fc->-oo J A 


□ 


The following theorem from functional analysis (see mi Theorem 1.7] ) will be fundamental in 
this paper: 

2.10. Theorem. Let X be a normed linear space and Y be a Banach space. Suppose T : D ^ Y is 
a bounded linear transformation, where D C X is a dense linear subspace. Then T can be uniquely 
extended to a bounded linear transformation T from X to Y. In addition, the operator norm of T 
is c if and only if the norm of T is c. 

The following formula will be important in this paper. 
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2.11. Lemma. Let fj, S f be a function such that I/MIImII < +oo. Then 

p POO pO 

/ fdfi = / > t})dt - / ^i{{f < t})dt. 

J M”' Jo J —oo 

The same equality also holds if we replace the sets {/ > t} and {/ < t} by {/ > t} and {/ < t}, 
respectively. 

Proof. We write f = f~^ — f~, where f~^>Q and /“ > 0 are the positive and negative parts of /. 
Then 

f fdfj. = [ (/+ - f-)dfi 

Jr'^ 

pOO pOO 

= / ^l{{f+>t})dt- fi{{f->t})dt 

Jo Jo 

pOO pOO 

= / K{f>t})dt- ti{{-f>t})dt 

Jo Jo 

pOO pOO 

= / Mf>t})dt- fi{{f<-t})dt 

Jo Jo 

POO pO 

= / l^{{f ^ tOdt — / /i({/< s})(is, by making the change of variables t 

Jo J — oo 


= -s, 


which is the desired result. 


□ 


3. IS DENSE IN BV^{W^) 

3.1. Theorem. Let u G u > 0, and (fk G be a nondecreasing sequence of 

smooth functions satisfying: 

(3.1) 0 < < 1, (jifc = 1 on Bk{0), (j)k=0onW"\ B2fc(0) and {Dfikl < c/k. 

Then 


(3-2) Wif^ku) - u||bv^(r™) = 0, 

and for each fixed k > 0 we have 

(3.3) lim \\{(j)ku) Aj - n (r") = 0- 

J-S-oo ' 

In particular, i?V),°°(IR”) is dense in i?l/^(R"). 


Proof. As BV^^fR^) C BVioc{R^), the product rule for BVioc functions gives that D{<f>ku) = 
(j>kDu + uD(j)k (as measures) (see [3l Proposition 3.1]) and hence (j>kU G BV{R^) C i3V_^(K."). 
Thus 


/ \D{u4>k-u)\= / \(j)kDu - Du + uD(j)k\ 

JR" JR" 


< 


< 


\4>k - M\Du\ 


/R" 


\(j}k - M\Du\ + ^ [ 

^ Je 

<[ \cj,,-l\\Du\ + ^( [ 

JR" K \j£ 


E’^Hsupp {Dtpk) 

\u\ 


i\\D(j)k\ 


B2k\Bk 


B2k\Bk 


\B2k \ Bk\~' 


< [ \4>k- M\Du\ + c( [ 

Jr'^ \JB2k\Bk 



(3.4) 


u 
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We let /c oo in (13.41) and nse (|3.1I) and the dominated convergence theorem together with the fact 
that u € L’^ to obtain (|3.2D . 

On the other hand, the coarea formula for BV functions yields 

f \D{(l)kU-{(l)ku) Aj)\ = [ {(l)ku) Aj > t})dt 

Jr-^ Jo 

) 

{d*{(j)ku - j > t})dt 


T-T ^ {d*{(j)kU > j + t})dt 




Here d*E stands for the reduced boundary of a set E. Since /p°° {(jikU > s})ds < oo, the 

Lebesgue dominated convergence theorem yields the limit (13.31) for each fixed k > 0. 

By the triangle inequality and (I3.2D - (|3.3I) . each nonnegative u G BV (R") can be approximated 
by a function in For a general u G let be the positive part of u. From 

the proof of [31 Theorem 3.96], we have G BViod^^) HDw+H (H) < ||Du|| {A) for any open 

set A (S R”. Thus ||Z?u+|| (R”) < \\Du\\ (R") < +oo and belongs to HVL_3_(R"). Likewise, we 
have u~ G BV (R”). Now by considering separately the positive and negative parts of a function 
u G i?l/_i>_(R"), it is then easy to see the density of H1/°°(R”) in BV-ol-(M"). □ 


We have the following corollaries of Theorem l3.ll 
3.2. Corollary. BVf°(R”') is dense inBV{MA). 

Proof. This follow immediately from (12.41) and Theorem 13.II □ 


3.3. Corollary. The spaces i3H(R")* and BV (R")* are isometrically isomorphic. 


Proof. We define the map 

S : BV^(R^)* W(R”)* 

as 

S(T) = rLHt/(R”). 

First, we note the S is injective since S{T) = 0 implies that T \_ HH(R") = 0. In particular, 
T L H1/°°(R”) = 0. Since is dense in BV^{R") and T is continuous on HV^(R"), 

it is easy to see that T \_ Hy_^(R") = 0. We now proceed to show that S is surjective. Let 
T G BV{R"‘)*. Then T \_ BVd°{R^) is a continuous linear functional. Using again that H1/°°(R") 
is dense in i31/^(R"), T \_ i?l/°°(R”) has a unique continuous extension T G BV^^fR^)* and 
clearly S{T) = T. Moreover, for any T G i?U(R")*, the unique extension T to i3V_^(R”) has the 
same norm (see Theorem 12.10|) . that is. 


\\n 





and hence 


S{f) 




which implies that S is an isometry. 


T 


BV n fR"P 


□ 


We now proceed to make precise our definitions of measures in 1/F^’^(R”)* and BV (R")*. 
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3.4. Definition. We let 

:= {T e : T{ip) = [ for some /7 G Xjoc(K”),V^ G ^“(R”)}. 

Therefore, if n & A4ioc(R") H then the aetion < fj,,u > can be uniquely defined for all 

u G (because of the density o/C“(M") in tF^’^(R")). 

3.5. Definition. We let 

MiocnBV^iR^y := {T G : T{ip) = [ ip*dp for some p G Mioc^T & BVf^{R'*)}, 

JR" 

where ip* is the precise representative of ip in Thus, if p & A4ioc(^BV-^(MT)*, then the 

action < p,u> can be uniquely defined for all u G hl V n ^ fIR") (because of the density of BVy°{MT) 
OTBy^(R")). 

We will study the normed linear spaces A4/oc H and Mioc H i?y-^(R"')* in the next 

section. In particular, we will show in Theorem 14.71 below that these spaces are isometrically isomor¬ 
phic. In Definition [33 if we use C^(]R") instead of BVy°(MT), then by the Hahn-Banach Theorem 
there exist a non-zero T G i?V_^ (R")* that is represented by the zero measure, which would cause 
a problem of injectivity in Theorem 14.71 


4. Characterizations of measures in BV- 




The following lemma characterizes all the distributions in Wg recall that 

is the homogeneous Sobolev space introduced in Definition 12.51 

4.1. Lemma. The distribution T belongs to if and only if T = divF for some vector 

field F G L°°(R"',R”). Moreover, 

where the minimum is taken over all F G L°°(R",R") such that divF = T. Here we use the norm 


{Fl +F^ + --- + F2)1/2 


L°°(R") 


/orF= (Fi,...,F„). 


Proof. It is easy to see that if T = divF where F G L°°(R”,R") then T G IT^’^(R"’)* with 

II’^IIvuli(r")* ^ II-^IIl°=(r",r") ■ 

Conversely, let T G Define 

A : H7bi(Rn) ^ 2.1(R”,R"), a{u)=Du, 

and note that the range of A is a closed subspace of T^(R"’,R") since IT^’^(R"') is complete. We 
denote the range of A by R{A) and we define 

Ti : R{A) R 


as 

Ti{Du) =T{u), for each Du G R{A). 

Then we have 

II’^iIIr(A)* = ll^lllULi(R")* • 

By Hahn-Banach Theorem there exists a norm-preserving extension T2 of Ti to all L^(R",R"). 
On the other hand, by the Riesz Representation Theorem for vector valued functions (see [SJ pp. 
98-100]) there exists a vector field F G L°°(R",R") such that 
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and 

In particular, for each ip € we have 


T{p) = Ti{Dp) = T2{Dp) = F- Dp, 


R" 


which yields 
with 


T = div{-F), 

|—-F’|lioo(Rn Rr.) = ||T’||iyl,l(Rn). • 


□ 


4.2. Theorem. Let 11 C M" be any open set and suppose p G MiodLl) such that 
(4.1) \KU)\<cn^-\du) 

for any smooth open and bounded set U CC Lt. Let A be a compact set of LI. If'H^~^{A) = 0, then 
p{A) = 0. 

Proof. As 'H^~^{A) = 0, for any 0 < e < idist(A, 90) (or for any e > 0, if O = K”), we can find a 

finite number of balls B{xi,ri), i G I, with 2ri < £ such that A C IJ B{xi,ri) C O and 

i&I 


(4.2) 

lei 

Let We = [j B{xi,ri). Then 
i&I 

A CC We C Ae'. = {x G K”: dist(a;, A) < e}. 


The hrst inclusion follows since A is compact and We is open; the second one follows since 2ri < e 
and since we may assume that B{xi,ri) C A d 0 for rmy i £ I. 

We now claim that for each e > 0 there exists an open set ffA such that ffA has smooth boundary 
and 


(4.3) 


ACCW'^C A2e 
n^-ddwd < P(We,n), 


where P(F, O) denotes the perimeter of a set F in O. Assume for now that (14.31) holds. Then, since 
A is compact, 

Xw'^Xa pointwise as e ^ 0, 


and 


\ti{W'd\ < C'H””^(9fT;), by our hypothesis dmi) 

< CP{We,LL) 

< <eC. by (H:^. 




Thus, the Lebesgue dominated convergence theorem yields, after letting e —>■ 0, the desired result: 

|/r(A)| = 0. 

We now proceed to prove (14.31) . Let p be a standard symmetric mollifier: 

p > 0, p G C'“(i3(0,1)), f p{x)dx = 1, and p{x) = p{—x). 

Jr" 

Define Pi//c(x) = k"p{kx) and 
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for fc = 1, 2,... For k large enough, say for k > ko = A:o(e), it follows that 

(4.4) Mfe = 1 on A, since A CC We, 

(4.5) Mfe = 0 on f2\A2E, since 144 C Ag. 

We have 

p{We,n) = \DxwJin) 

> \Dukm) 

P{F^, VL)dt, since 0 < < 1, 

where 

Ff := {cc G fl: Ukix) > t}. 

Note that for k > ko, and t G (0,1) we have, by (|4.4I) and (|4.5p . 

A CC F^ C A2e. 

For a.e. t € (0,1) the sets Fj^ have smooth boundaries. Thus we can choose to C (0,1) with this 
property and such that 

p{F,\,n)<p{We,n), 

which is 

< p{We,n). 

Finally, we choose 144 = fixed k > ko- □ 

4.3. Corollary. If fi G Aiiod^) satisfies the hypothesis of Theorem \4.‘d\ then ||/i|| << in ft; 

that is, if A (Z ft is any Borel measurable set such that T-F~^(A) = 0 then ||/i|| (A) = 0. 

Proof. The domain ft can be decomposed as 17 = 17+1417“, such that /r+ = /r L 17+ and /J.“ = /r L 17“, 
where /r+ and p,~ are the positive and negative parts of /i, respectively. Let A C 17 be a Borel set 
satisfying 'H^~^{A) = 0. By writing A = [AA 17+) U (A fl 17“), we may assume that A C 17+ and 
hence ||^|| (A) = /i+(A). Moreover, since /r+ is a Radon measure we can assume that A is compact. 
Hence, Theorem 14.21 yields ||/r|| (A) = p+(A) = /i(A) =0. □ 

The following theorem characterizes all the signed measures in BV n ^ (M")*. This result was first 
proven in Phuc-Torres m for the space i?F(R")* with no sharp control on the involving constants. 
In this paper we offer a new and direct proof of (i) (ii). We also clarify the first part of (iii). 

Moreover, our proof of (ii) ^ (iii) yields a sharp constant that will be needed for the proof of 
Theorem 14.71 below. 



4.4. Theorem. Let p G A4joc(R"') a locally finite signed measure. The following are equivalent: 

(i) There exists a vector field F G L'^(R”,]R”) such that divF = p, in the sense of distributions. 

(ii) There is a constant C such that 


HU)\ < Cir-\dU) 

for any smooth bounded open (or closed) set U with T-F~^{dU) < +oo. 

(iii) TF~^{A) = 0 implies ||^|| (A) = 0 for all Borel sets A and there is a constant C such that, 
for all u G RF4°(R"), 


< p,u > \ := 


f u*dp <C [ 
Jr" Js. 


\Du\, 


where u* is the representative in the class of u that is defined TF ^-almost everywhere. 

(iv) p G B V n^ (IR”)*. The action of p on any u G B V r,^ (IR") is defined (uniquely) as 


< p,u >:= lim < p,Uk >= lim 

k—^oo k—¥oo 
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where Uk G converges to u in BV n ^ In particular, if u £ then 


< >= / u*dfi, 

JR" 

and moreover, if fj, is a non-negative measure then, for all u G BV-^ ( 

I u*dfi. 

Jr" 

ooGipfi'i -^g have 


< pL,U >= 

Proof. Suppose (i) holds. Then for every (p £ C, 


(4.6) 


F ■ D(pdx = — ipdia. 


I 

Jw 


Let U CC K" be any open set (or closed set) with smooth boundary satisfying IF ^{dU) < oo. 
Consider the characteristic function xu a.nd a sequence of mollifications 

Uk ■= Xu * Pi/k, 

where {pi/k} is as in the proof of Theorem 14.21 Then, since U has a smooth boundary, we have 

(4.7) Uk{x) Xu(^) pointwise everywhere, 

where Xui^) i® precise representative of xu (see [3] Corollary 3.80] given by 

1 X £ Int([/), 


Xui^) = {h x£dU, 


0 X £ . 


\u. 


We note that Xu is the same for U open or closed, since both are the same set of finite perimeter (they 
differ only on dU, which is a set of Lebesgue measure zero). From (|4.6I1 . (|4.7I1 . and the dominated 
convergence theorem we obtain 


(4.8) 


/i(Int(t/)) + -p-{dU) 


[ Xudp 


lim 

^—>■00 


< lim ||F 
^—>■00 


= IIFII 


= lim 

k—¥oo 


Ukdfi 


F ■ Dukdx 
Hoc [ \Duk\dx 
,[ \Dxu\ = \\F\\^n'^-\dU). 

JR" 


We now let 

For each h > 0 we define the function 

F/*(s) = l- 


K := U. 
minjdif (a:), h} 


X £ 


where dxix) denotes the distance from x to K, i.e., dK{x) = inf{|a: — y\'y£ K}. Note that Fh is a 
Lipschitz function such that Fh{x) < 1, Fh{x) = 1 ii x £ K and Fh{x) = 0 if dxix) > h. Moreover, 
Fh is differentiable £"-almost everywhere and 

\DFh(x)\ < i for £”-a.e. a; G M”. 
h 

By standard smoothing techniques, (14.611 holds for the Lipschitz function Fh- Therefore, 


(4.9) 


Fhdp 


F ■ DFhdx 
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Since —>■ xk pointwise, it follows from the dominated convergence theorem that 


(4.10) 


HK)\ = 


I 


XKdfi 


= lim 
h^O 


I 


Fhdfi 


On the other hand, using the coarea formula for Lipschitz maps, we have 


(4.11) 


F ■ DFhdx 


< 


= IIFII 


\DFh\dx 


IL 


d J{0<dK<h} 


\DdK\dx 


= IIF 


\lII n-\d],\t))dt 


= \\F\Ln--\d-\t':)), 

where 0 < < h, and d~^{t^) C (M" \ K). Because K is smoothly bounded, it follows that 

(4.12) 7^"-i(d-i(t;))) ^ n^-\dK) as h ^ 0. 

Since K = U and dK = dU, it follows from (|4.9I) - (I4.12I) that 

(4.13) \fi{U)\<\\F\\^n--\dU). 

From (|4.8D and (I4.13|) we conclude that, for any open set (or closed) U CC M" with smooth boundary 
and finite perimeter, 


1 


HdU)\ = 


^i{u) - [/i(Int([/)) + 


<2\\F\\^n-^-\du) 


and hence 

|M(lnt(C/))| <3||F|U7^"-i(5C/). 

This completes the proof of (i) => (ii) with C = for closed sets and C" = 3 ||F||^ for open 

sets. 

We proceed now to show that (ii) ^ (iii)- Corollary 14.31 savs that ||/i|| << which proves 

the first part of (iii). We let u € ilV)f“(R") and we consider the convolutions Pe *u and define 

:= {pe + M > t} for f > 0, and := {p^ * m < t} for f < 0. 

Since pe*u G C^(MA) it follows that dAf and dB^ are smooth for a.e. t. Applying Lemma [2. Ill we 
compute 




pe * ud^ 


roo pO 

/ K^Ddt- / p{Bl)dt 

Jo J —oo 

poo pO 

< / HAt)\dt+ / \p{Bt)\dt 

Jo J —oo 

poo pO 

<c n^-\dAI)dt + C n^-\dBI) dt, hy (ii) 

Jo J — oo 


(4.14) 


= c 
< c 


/ \D{pg * u)| dx, by the Coarea Formula 

Jr" 

f \Du\. 

JR" 


We let u* denote the precise representative of u. We have that (see Ambrosio-Fusco-Pallara [3], 
Chapter 3, Corollary 3.80): 

(4.15) pe*u^u* 'H"“^-ahnost everywhere. 
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We now let e —>■ 0 in (14.141) . Since u is bounded and 
convergence theorem yield 


<< (14.151) and the dominated 


j u*dfi < C” / \Du\, 

JR" JR" 


which completes the proof of (ii) ^ (iii) with the same constant C as given in (ii). 
From (iii) we obtain that the linear operator 


(4.16) 


T{u):=<fj,,u>= [ u*dfi, 

JR" 


is continuous and hence it can be uniquely extended, since BV^ (K”) is dense in BV (R") (Lemma 
O]), to the space BV (R"). 

Assume now that p is non-negative. We take u € i3V_^(R") and consider the positive and 
negative parts and (it*)” of the representative u*. With as in Lemma [5TT1 using (14.161) we 

have 

T{[4>k{u*)'^]/\i)= ( [((ife(M*)+] A jdp, j = l,2,... 

JR" 

We first let j ^ oo and then k —>■ oo. Using Lemma 13.11 the continuity of T, and the monotone 
convergence theorem we find 

T{{uT) = [ {uTdfi. 

7R" 

We proceed in the same way for {u*)~ and thus by linearity we conclude 

T{u) = T{{u*)+)-T{{u*)-)= f (u*)+-{u*)-dn= [ u*dfj.. 

JR" JR" 

To prove that (iv) implies (i) we take p G i3U^(R"')*. Since W^’^(R") C i?U^(R”) then 

p :=pLkF^’^(R”) G Wi’i(R”)*, 

and therefore Lemma [4.11 implies that there exists F G L°°(M",R") such that divF = p and thus, 
since C kF^’^(R"'), we conclude that divF = p in the sense of distributions. □ 

4.5. Remark. Inequality (14.131) can also be obtained be means of the (one-sided) outer Minskowski 
content. Indeed, since \DdK\ = 1 a.e., we find 


I 

JR" 


F ■ DFhdx 


< 


\DFh\dx 


/R" 


= ll^’llooT|{0<dA</l}|. 


Now sending h ^ 0'^ and using (I4.9p - (I4.10I) we have 

HK)\ < ||F||^5M(7L) = \\F\\^H^-\dK), 

where SA4{K) is the outer Minskowski content of K (see [U Definition 5]^, and the last equality 
follows from [2l Corollary 1]. This argument also holds in the case U only has a Lipschitz boundary. 
Note that in this case we can only say that the limit in dUI) holds TF ^-a.e., but this is enough for 
(HU) since ||/i|| << 'MN ^ by (14.61) and [HI Lemma 2.25]. 


4.6. Remark. If F G L°°(R",M") satisfies divF = p then, for any bounded set of finite perimeter 
E, the Gauss-Green formula proved in Chen-Torres-Ziemer yields, 

U d*E) = [ divF = [ (.^e • u)iy)dn^-\y) 

JE^Ud^E Jd*E 


and 


p(Ai) = [ divF = [ (.^, • iz)iy)dn^-\y). 

JE^ Jd-E 
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Here is the measure-theoretic interior of E and d*E is the reduced boundary of E. The estimates 

W’^e ■ ^\\L°°{d-E) — II-^IIl“ ' ^\\L°°{d*E) — II-^IIl“ 

give 

\yi{E^ U d*E)\ = \yi{E^) + yL{d*E)\ < ||F||^^ n^-\d*E) 

and 

\f,iE^)\<\\F\\^^n-\d*E). 

Therefore, 

\Kd*E)\ < ||F||^<. n^-\d*E) + \tr{E^)\ < 2 ||F||^<. n^-\d*E). 

We note that this provides another proof of (i) => (ii) (with C = Il-Flloo for both open and closed 
smooth sets) since for any bounded open (resv. closed) set U with smooth boundary we have U = 

(resp.uJu^Ud'u). 

We recall the spaces defined in Definitions 13.41 and 13.51 We now show the following new result. 

4.7. Theorem. Let £ := Aiioc H (K")* and T := M.ioc H W^’^(K")*. Then £ and T are 

isometrically isomorphic. 

Proof. We define a map S : £ ^ E as 

S{T) = T\_W^'\ 

Clearly, S' is a linear map. We need to show that S is 1-1 and on-to, and ||S(T)||jyi,i^j[j„^. = 
II'^IIbu n (R")* T € £. In order to show the injectivity we assume that S(T) = 0 G E for 

some T € £. Then 

r(M) = 0for allwe W^’^(K”). 

Thus, if jjL is the measure associated to T S S, then 

[ ipdfj. = T{^)=0 for all 

Jr" 

which implies that fi = 0. Now, by definition of £, we have 

T{u)= [ u*dp = 0foi a\lu€BVf^{R^), 

J R" 

which implies, by Theorem 12. 101 and Theorem 13.11 that 

T = 0 on By'^(Rn). 

We now proceed to show the surjectivity and take H G E. Thus, there exists p, G A4;oc(R") such 
that 


[ ipdp = H{ip) for aiEp gC^{W^). 
Jr"- 


From Lemma 14.11 since H G W^’^(R")*, there exists a bounded vector field F G L°“(R",R”) such 
that 

(4.17) divF = pin the distributional sense and ||i7||vvi,i(Rn). = ||ai|Ivvi.i(r")* = II^IIl~(r",r") • 
Now, from the proof of Theorem 14.41 (i) (ii) (iii); it follows that 

\\p\\ «n--\ 

\p{u)\<\\F\\^n-\du) 

for all closed and smooth sets U CC R", and 


u* dp 


< IIF 


Il“(R”.R'*) II'^IIbu n (R") for all M G i?V), (R ). 
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Hence, fj, € and from (14.171) we obtain 




= IIFII 


Iwi,- 


From Theorem l2.10l it follows that can be uniquely extended to a continuous linear functional 
/i £ and clearly, 


5'(A) = M, 


which implies that S is surjective. According to Theorem l2.101 this extension preserves the operator 
norm and thus 


11*^ RV fR"U “ IIAII HV l'R"U — IImIIbV'“(R")* — II MII if/Ti (R")* ) 
which shows that £ and P are isometrically isomorphic. 


□ 


5. On an issue raised by Meyers and Ziemer 

In this section, using the result of Theorem 14.41 we construct a locally integrable function / such 
that / £ but |/| ^ This example settles an issue raised by Meyers and Ziemer 

in [TBl page 1356]. We mention that this kind of highly oscillatory function appeared in [T3] in a 
different context. 


5.1. Proposition. Let f{x) = e|a;| ^ '^sin(|a;| '^) + (n — l)|a;| ^cos(|a;| where 0 < e < n — 1 is 
fixed. Then 

(5.1) f{x) = div cos(|a;|“'^)]. 


Moreover, there exists a sequence {vk} decreasing to zero such that 


(5.2) 



f+{x)dx > cr^-^-^ 


for a constant c = c(n, e) > 0 independent of k. Here f~^ is the positive part of f. Thus by Theorem 
14-41 we see that f belongs to HP)®")*, whereas \f \ does not. 


Proof. The equality (EH) follows by a straightforward computation. To show (15.21) . we let = 
(7r/6 + 2fc7r)~ for fc = 1, 2,3,... Then we have 



> 


s{n) / sin(t“'^) + (n— 

Jo 

s(n) f°° ^ £+1 . , , , 

- I X ^ [ex ^ sm(a;) + (n— 

s{n) g r^/ 2 + 2 k^+ 2 i.r 

^ ^_Q ./ 7 r/ 6 + 2 Ic 7 r+ 227 r 


X “ dx. 


l)t ^ cos(t '^)]~'’^ 
l)x~ cos(x)]''' — 


where s{n) is the area of the unit sphere in K". Thus using the elementary observation 


^7r/6+2A; 77+2 ( 2 + 1)77 

J 77/2+2^77+2277 


X dx < 6 


L 


'77/2 + 2^77+2277 

77 / 6 + 2 ^ 77+2277 


X dx, 
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we find that 


L 


B ( 0 ) 


f'^{x)dx > 


> 


> 


14 

sW 

14 


QQ nTT/2-\-2k7T-\-2iTT 


n 

.•_n TT 


X ' dx 


14 

s{n) 


_0 «/7r/6+2fe7r+227r 

oo / ^7r/2+2A;7r+227r 

f / 

^_g \ J7r/6+2fc7r+227r 
oo 

e/ 

^_g </7r/6+2fc7r+2z7r 


X ^ dx ■ 


L 


7r/6+2fc7r+2(2+l)7r 


X ‘ dx 


s(n) °° ^■7r/6+2fe7r+2(i+l)7r 


/” 

./ tt/ 


J7r/6+2fc7i 

This completes the proof of the proposition. 


X ^ dx = 


-n + l 

X ^ dx 


s{n) e 


TT / 2-\-2k'7T-{-2171 


„n—l—e 


14(n — 1 — e) 


□ 


6. The space BVo{il) 

In this section we let 14 C R" be a bounded open set with Lipschitz boundary. We have the 
following well known result concerning the existence of traces of functions in BV (f2) (see for example 
[T3l Theorem 2.10] and [H Theorem 10.2.1]): 

6.1. Theorem. Let LI be a hounded open set with Lipschitz continuous boundary dLl and let u S 
BV{Ll). Then, there exists a function tp G L^(dLl) such that, for -almost every x £ dLl, 

lim r“" / \u[y) — (p{x)\dy = 0. 

’’^0 JB{x,r)cn 

From the construction of the trace p (see m Lemma 2.4], we see that ip is uniquely determined. 
Therefore, we have a well defined operator 

70 : BViLl) L\dn). 

We now define the space BVo{Ll) as follows: 

6.2. Definition. Let 

BVo{Ll) = ker(7o). 

We also define another BV function space with a zero boundary condition. 

6.3. Definition. Let 

BVo(L!) ■■=WW), 

where the closure is taken with respect to the intermediate convergence of BV (LI). 

By the intermediate convergence of BV(Ll), we mean the following 

6.4. Definition. Let {wfc} £ BV(Ll) and u £ BV(Ll). We say that Uk converges to u in the sense of 
intermediate (or strict) convergence if 

Uk ^ u strongly in L^(Ll) and / \Duk\ / \Du\. 

Jci Jq 

The following theorem can be found in [H Theorem 10.2.2]: 

6.5. Theorem. The trace operator 70 is continuous from BV (LI) equipped with the intermediate 
convergence onto L^(dLl) equipped with the strong convergence. 

The following theorem is well known and can be found in many standard references including 
dlllillolllS], but for completeness we will include the proof here. 

6.6. Theorem. The space C'°“(n)ni3T(n) is dense in BV(Ll) equipped with the intermediate conver¬ 
gence. Moreover, if LI is a Lipschitz domain then C°“(0) is also dense in BV (fl) for the intermediate 
convergence. 
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Proof. We note that fl BV{D.) = C°^{Q) fl For Lipschitz domains, it is proved, 

e.g., in m page 127] that is dense in equipped with the strong convergence. This 

actually holds even for domains that possess the so-called segment property (see [2 Theorem 3.18]). 
Thus, since the strong convergence implies the intermediate convergence it follows that C°°(S7) is 
dense in fl BV{Vt) in the intermediate convergence. Therefore, if C°°(p) fl is dense 

in BV{n) for the intermediate convergence, the second statement of the theorem holds. Let e > 0 
and u € BV{^1). We decompose fl as follows: 


O = Oi, / \Du\ < e and fli CC fli+i. 

i—Q ^ fl\^0 

We consider the open cover {Ci} defined as follows: 

Cl := ^2 

Ci .= flj-i-i \ i ^ 2. 

Let {<^i\ be a partition of unity associated to {Ci}] that is, 

oo 

e 0 < < 1, y] = 1. 

i=l 

Note that (/3i = 1 on fli. Let p be a standard mollifier as in the proof of Theorem 14.21 For each i, 
choose Ei > 0 so that: 


spt (pe, *(piu) C Ci, 

(6.1) j 

\Pei * {upi) - Utpil < ^, 

(0,2) J 

\Pei * (uDifi) - uDLpi\ < 

(6.3) 

/ Ipei * (<PiL>w)|da; - / \lpiDu\ 

Jo. Jo. 

Dehne 



OO 

Ue ■= X! P'^i * {uiPi)- 

i=l 


Then 


We have 


/ ]it - Ue] dx < Y / \pei * {u(pi) - u(pi\dx < £, by (16.11) . 

J O i—l ^ 

oo oo 

DUe = Psi* {^iDu) + Psi * iuDipi) 

2=1 2=1 

OO OO 

= Pci^ {^iDu) + ^ [pe, * {uDpi) - uDifi). 


2 = 1 


2 = 1 
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Then, on the one hand, 


/ \pei*{.^iDu)\dx- / \DUe 

Jq Jq 


< E/ \pe^ >1 {(piDu) \ dx + ^ / \pei * {uDipi) — uD(fi \ dx 

i=2 ^ i=l 

CXD p 

- E / \ by (E21) 

i=2'>^ 

oo p 

— / / \‘-PiDu\+£, by a property of convolution 

i=2J^ 

< f \Du\+e 


(6.4) 

On the other hand, 


/ Q\r2o 
< £ + £ = 2e. 


|pei + {ipiDu)\dx - \Du\ 
Jq 


(6.5) 

From (|6.4|) and (|6.5|) : 


E £ 
< e 


[ \pe^ ^ {^iDu)\dx - [ \ipiDu\- [ {l-(fi)\Di 

«/ Q O «/ O 

/" (1 - (pi)\Du\, by dSS]) 

Jq 

/ \Du\ < 2e, since (/3i = 1 on Oi. 

J r2\Oo 


[ \Due\ - [ \Dl 
Jq Jq 


< 4e. 


□ 


6.7. Theorem. Let O be any bounded open set with Lipschitz boundary. Then BVc(Ll) is dense in 
BVo{Q) in the strong topology of BV (LI). 

Proof. We consider first the case u G BVo{Cfi^T), where Cr^t is the open cylinder 

Cr,t = BrX (0, T), 

Br is an open ball of radius R in and supp(u) 0 BCr^t = supp(u) 0 (Br x {0}). A generic 

point in Cr^t will be denoted by {x',t), with x' € Br and t G (0,r). From Theorem 16.61 we can 
approximate u with a sequence of functions Uk G C°°{Cr^t) such that 

(6.6) Uk ^ u in L^{Cr^t) and / \Duk\ —>• j \Du\. 

Notice that the condition supp(u) O BCr^t = supp(u) 0 (Br x {0}) implies that 

7o(Mfe)L(5Cfl,T\(SflX{0})) = 0. 

From Theorem 16.51 7o('«fc) —J' lo(u) in L^(dCR^T) and hence 

(6.7) 7o(ufe) L (Br X {0}) = ^ 0 in ^ {0})- 

For x' G Br, 0 < Xn <T, we have 

Uk(x',Xn)-Uk(x',0) = [ ^^(x',t)dt, 

Jq UXn 

and hence, 

duk 


( 6 . 8 ) 


\uk(x',Xn)\ < |ufc(a:',0)| + f 

Jo 


dxj 


(x',t) 


dt. 
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We integrate both sides in (16.81) to obtain: 

\uk{x' ,Xn)\dx' < f \uk{x' , 0)\dx'+ f [ \Duk{x' ,t)\dx'dt. 
Jbt, Jo JBr, 


(6.9) / 
Jbr 

From (|6.7I) we have 

( 6 . 10 ) 


lim / \uk{x' ,Q)\dx'= Q, 


and thus, letting fc —oo in (16.91) and using (16.101) . (16.61) and Lemma 1^31 (in particular, (12.71) with 
A := Br X (0,x„) for a.e. 0 < < T) we obtain 


(6.11) f \u{x',Xn)\dx' < f f 

Jbr Jo Jbi 


\Du\ = \\Du\\ {Br X (0,a:„)) for a.e. 0 < < T. 

lo JBr 

Consider a function (p G C{^(R) such that cp is decreasing in [0, +oo) and satisfies 

p = 1 on [0,1], (/j = 0 on K \ [—1, 2], 0 < < 1. 

We define 

‘Pk{t) = p{kt), k = l,2,... 

(6.12) Vk{x',t) = (1 - Pk{t))u{x',t). 

Clearly, —)■ u in L^{Cr^t)- Also, if u > 0 then Vk^ u since p is decreasing in [0, +oo). Moreover, 

^ = {1 - pk)^ - kp'{kt)u, 


Dx'Vk = (1 - pk)D^fU. 


Thus we have 


J \Dvk-Du\ = J [p^,u-pkD^Ju,^-pk-^-kp'{kt)v^ - 

= J (^-pkD^^u,-pk^ - kp'{kt)u^ 


Since pkit) = 0 for f > -^ we have the following: 


f \Dvk - Du\ < c( j pk\Du\+ f k\p'{kxn)\\u\j 

/■2/fc r p'i/k /. 

C / |Zlu| + Cfc / / \u{x',t)\dx' 

Jo Jbr Jo Jbr 


< 


< c 


lo JBr 
^2/k 


lo JBr 
f2/fe 


< 


= c 


(6.13) 


= C 


_ 

|Zlu| + Ck ||L1m|| {Br X (0, t))dt, by (|6.1ip 

Jo 

pA/K, p p2lk 

C / \Du\ + Ck-\\Du\\{BRX {0,2/k))- dt 

Jo Jbr Jo 

p2jk p Q p2jk p 

/ / \Du\ + Ck--- / \Du\ 

Jo Jbr ^ Jo Jbr 

f.2/fc n 

/ 

Jbr 


lo JBr 
r-2/fe 


Jo JBr 

Since \\Du\\ is a Radon measure and n^^(S_R x (0, |)) =0 we find 

f-2/fc 


/ / 

Jo Jbr 


0, as A: —S' oo. 
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which by (16.131) yields 


lim / \Dvk — Du\ = 0. 

JCr^t 


Thus 

(6.14) Vfc —> u in the strong topology of BV{Cii,T)- 

We consider now the general case of a bounded open set 17 with Lipschitz boundary and let 
u £ BVo{fl). For each point xq £ 917, there exists a neighborhood A and a bi-Lipschitz function 
g : B(0,1) ^ A that maps i?(0,1)’*' onto A fl 17 and the flat part of 95(0,1)+ onto A D 917. A finite 
number of such sets Ai, A 2 ,..., A„ cover 917. By adding possibly an additional open set Aq CC 17, 
we get a finite covering of 17. Let {a^} be a partition of unity relative to that covering, and let gi 
be the bi-Lipschitz map relative to the set A^ for z = 1, 2,..., N. For each i £ {1, 2,..., A^} the 
function 

U^ = (aiu) o g^ 

belongs to i?Vb(il(0,1)’*'), and has support non-intersecting the curved part of 95(0,1)'*'. Thus, 
we can extend Ui to the whole cylinder Cip := 5i(0) x (0,1) by setting Ui equal to zero outside 
5(0, !)■*■. By (|6.14p . for each £ > 0, we can find a function Wi £ 514(1^1,1) such that 

(6.15) 

ioi i = 1,2,..., N. Letting now 

Wi = W^og-^, i = l,2,...,N, 

we have Wi £ 514(Ai H 17) and 

||5(ri;i - aiM)|| (Ai n 17) = ||5(Wi o - ((a^u) o g^) o g“^) || (A^ D 17) 

= \\D{gi#{Wi - {a^u) o gi))\\{Ainil) 

< Cgi^ \\D(Wi - {aiu)ogi)\\ (A^ nl7), by d Theorem 3.16] 


= C 


= c 


L 

L 


\D{Wi — 5i)|,by definition of gt^ acting on measures 


g-TAinn) 

15(1^,-5,)I 


IB{0,1) + 

(6.16) < Ce, by (I6.15p . 

Here C = maxi{[Lip( 5 i)]"“^} (see [S] Theorem 3.16]). Let wq = aou. Then wo £ BVc(12). Define 

N 

w = y^^wi. 

i^O 

We have w € BVc{^), and by (|6.16p 

N 

\\D{w - w)|| (ri) < ^ \\D{w^ - {Ai n ft) 


N 

< NCe. 


Likewise, by (|6.15p and a change of variables we have 


N 


N 


\W-U ri 


LHQ) ^ ^ ^ ^c£. 


i=0 


Thus BVc{ll) = 514(17) in the strong topology of BV{VL). 


□ 
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6.8. Remark. By (|6.12|) and the construction of w in the proof of Theorem \6.7\ above, we see that 
each u G BVo(fl) can be approximated by a sequence {ufc} C BVc{^) such that Uk = u in fl \ Nk for 
a set Nk = {t G : d{x,dil) < S{k)} with S{k) 0 as k ^ +oo. Moreover, if u > 0 then so is Uk 
and Uk f u as k increases to +oo. 


We will also need the following density result. 

6.9. Lemma. BVif°{^l) is dense in BVq{^ 1). Likewise, BVf^{fl) is dense in BVc{Lt), and BV°°{fl) 
is dense in BViLl) in the strong topology of BV{Q). 

Proof. We shall only prove the first statement as the others can be shown in a similar way. Let 
u G BV^ (n) and define 

Uj:=uAj, j = l,2,... 

Obviously, Uj —)• u in L^(0). We will now show that ||Z)(it — (O) —0. The coarea formula 

yields 

f \D{u — Uj)\ = f r\d*{u — Uj > t})dt 

Jq Jo 


nOO 

/ n d*{u — j > t})dt 

Jo 

nOO 

/ n'^-\nnd*{u> j+ t})dt 

Jo 

POO 

/ 'H^-\ilnd*{u> s})ds. 

J j 


Since {n n d*{ u > s})ds < oo, the Lebesgue dominated convergence theorem implies that 


(6.17) 


[ \Diu-Uj)\ 

Jn 


0 as j ^ oo. 


If M G BVo{n), we write u = u~^ — u and define fj = Aj and gj = u Aj. Thus fj —gj G BVo{n) 
and 

[ \D{u - {fj - gj))\ = [ \Du+ - Du- - Df^ + Dgj\ 

J Q J n 

< [ \Diu+-f,)\+ [ \Diu--g,)\ 

Jn Jn 


—>■ 0 as j —>• oo, 

due to (16.171) . That completes the proof of the lemma. 


□ 


We are now ready to prove the main theorem of this section that makes precise the definition of 
the space of functions of bounded variation in LI with zero trace on the boundary of Ll. 

6.10. Theorem. BVo(fl) = BVo{n). 

Proof. Let Let u G ]BVo(n). Then Definition 16.31 implies the existence of a sequence {uk} G C^{Lt) 
such that 

Uk ^ u in L^(Ll) and / \Duk\ -A / \Du\. 

J Q, J Q 

Since Uk G we have jo(uk) = 0. Then Theorem 16.51 yields 

lo(uk)^7iu) mL^(dn), 

and so 

7(u) = 0 and u G BVo{Ll). 
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In the other direction, let u G BVo(^2). Then, from Theorem 16.71 there exists a sequence G BVc(fl) 
such that 


(6.18) 


lim / \uk — u\ = lim / \Duk — Du\ = 0. 

Jq. 


Given a sequence Sk 0, we consider the sequence of mollifications 

Wk '■= Uk * Pete- 

We can choose £k sufficiently small to have 

Wk G c^(n). 

Also, for each k, 

lim / \D{uk*Pe)\= / \Duk\, 

and 

lim / \uk * Pe - Uk\ = 0. 

Jn 

Thus we can choose Sk small enough so that, for each k, 

(6.19) ^ '■ ^ 

and 

( 6 . 20 ) 

Using (16.201) and (I6.18|) we obtain 

( 6 . 21 ) 


\D{uk*Pe^)\ - [ \DUk\ 
Jn 

/ \uk 

Jn 


~ k’ 


*Pek -Uk\ < 


lim 

k—^oc 


/ \wk-u\< lim / |wfc-Mfe|+lim / |Mfe-M|=0. 

Also, letting fc —>■ oo in (|6.19|) and using (I6.18|) . we obtain 

(6.22) lim f \D{uk*PEk)\= f \Du\. 

Jn 

From (I6.21|) and (|6.22|) we conclude that Wk ^ u in the intermediate convergence which implies that 
u G BVo(U). □ 

With Theorem 16.101 we can now prove the following Sobolev’s inequality for functions in BVo(fl): 

6.11. Theorem. Let u G BVo(JJ), where LI is a bounded open set with Lipschitz boundary. Then 

\\u\\^^^^^^<c\\DuUn), 

for a constant C = C{n). 

Proof. The Sobolev inequality for smooth functions states that 


(6.23) 




[ \D' 

jRri 


'u\ for each u £ Cl 


oo /mjn 


)• 


From Theorem 16.101 there exists a sequence Uk G C^{Ll) such that 
(6.24) Uk ^ u in L^iLl) and / \Duk\ I \Du\. 

J Q J Q 

Since Uk —>■ u in L^{Ll) then there exists a subsequence {uk^} of {uk} such that 

Ukj{x) —>■ u[x) for a.e. x G LI. 
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Using Fatou’s Lemma and (I6.23|) . we obtain 


(6.25) 


< liminf 

j-yoo ^ 


\uk, 


< liminf 

j-yoo 




Finally, using (16.241) in (16.251) we conclude 


n-1 



□ 


By Theorem 16.111 we see that is equivalent to \\Du\\ (U) whenever u € BVo{n) (or 

]BVo(U)) and U is a bounded Lipschitz domain. Thus, for the rest of the paper we will equip i?Vb(U) 
with the homogeneous norm: 

ll'*^llBVo(f2) “ (^)- 

From Theorem 16.71 and Lemma 16.91 we obtain 

6.12. Corollary. Let U be any bounded open set with Lipschitz boundary. Then BV^{LL) is dense 
in BVo{rt). 


7. Characterizations of measures in BVo{Ll)* 

First, as in the case of M", we make precise the dehnitions of measures in the spaces lFQ^’^(f2)* 
and BVo{n)*. 

7.1. Definition. For a bounded open set Ll with Lipschitz boundary, we let 
Mioc(^) n lFQ^’^(f2)* := {T G lUQ^’^(f2)* : T(ip) = f ipdfi for some p. € 

Jq 

Therefore, if p € A4ioc{Ll) (h Wg^’^(fl)*, then the action < p,u > can be uniquely defined for all 
u € lFg^’^(f2) (because of the density ofCf°{fl) in lUg^’^(f2)). 

7.2. Definition. For a bounded open set Ll with Lipschitz boundary, we let 

Mioci^) n BVoiny := {T G BVoiny ■. T{ip) = [ ip*dp for some p G G W“(U)}, 

Jn 

where p* is the precise representative of p. Thus, if p G MiodLl) (H i?Vo(U)*, then the action 
< p,u> can be uniquely defined for all u G BVo(yi) (because of the density of BVy°(fX) in BVo(yi) 
by Corollaru \6. l‘y) . 

We will use the following characterization of lFg^’^(f2)* whose proof is completely analogous to 
that of Lemma O 


7.3. Lemma. Let X be any bounded open set with Lipschitz boundary. The distribution T belongs 
to Wg^’^(U)* if and only if T = divF for some vector field F G L°“(fl,R"). Moreover, 

where the minimum is taken over all F G L°°(yi,lSF) such that divF = T. Here we use the norm 




{F( + + • • • + Fiy/^ 


L°“(n) 


for F = (Fi 


,Fn). 


We are now ready to state the main result of this section. 
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7.4. Theorem. Let Q be any bounded open set with Lipschitz boundary and /i G A4;oc(^)- Then, 
the following are equivalent: 

(i) There exists a vector field F G such that divF = pL. 

(ii) \pl{U)\ < CT-F~^{dU) for any smooth open (or closed) set U CC Tl with T-F~^{dU) < +oo. 

(iii) T-F'~^{A) = 0 implies ||^|| (A) = 0 for all Borel sets T C 14 and there is a constant C such 
that, for all u G BV(f°{fl), 


I < pL,U> 




where u* is the representative in the class of u that is defined TF ^-almost everywhere. 
(iv) pL G BVo{Q)*. The action of pi on any u G BVo(Ll) is defined (uniquely) as 

<pi,u>:= lim <pi,Uk>= lim / u'^dpi, 

k—^oo k—>oo Jq 

where Uk G BV(f°{Tl) converges to u in BVo{Q). In particular, if u G BV(f°{^l) then 


< pi, u >= 



and moreover, if pi is a non-negative measure then, for all u G BVo{Q), 


< pi, u >= 



Proof. Suppose (i) holds. Then for every ip G C^(14) we have 

/ F ■ Dipdx = — I ipdpi. 

Jq Jq. 

Let U CC O be any open (or closed) set with smooth boundary satisfying T-F~^{dU) < oo. We 
proceed as in Theorem 14.41 and consider the characteristic function xu a.nd the sequence Uk ■= 
Xu * Pi/k- Since U is strictly contained in 14, for k large enough, the support of {uk} are contained 
in 14. We can then proceed exactly as in Theorem 14.41 to conclude that 


\pi{u)\<cn'^-\du), 

where C = for closed sets U and C = 3 ||T’||ioo(Q) for open sets U. 

If pi satisfies (ii) with a constant C > 0, then Corollary 14.31 implies that ||/j,|| << 77"“^. We let 
u G 514°°(14) and {pe} be a standard sequence of mollifiers. Consider the convolution * u and 
note that p,. * u G (7“ (14), for e small enough. Then as in the proof of Theorem 14.41 we have, for e 
small enough. 


Pe * UCLp. < T' I \Uu\. 

Jn Jq 

Sending e to zero and using the dominated convergence theorem yield 


Pe * udpi 


<C 

Jq 




with the same constant C as in (ii). This gives (ii) (iii). 
From (iii) we obtain that the linear operator 


(7.1) 


T{u) :=< pi, u >= 



u G BVf^ifl) 


is continuous and hence it can be uniquely extended, since BVf^{fl) is dense in i?Vb (14) (Corollary 
16.121) . to the space i?Vb(14). 

Assume now that p is non-negative. We take u G BVo{Q) and consider the positive and negative 
parts (m*)"*" and {u*)~ of the representative u*. By Remark 16.81 there is an increasing sequence 
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of nonnegative functions {ufc} C BVc{^) that converges to pointwise and in the BVq norm. 

Therefore, using (EID we have 

T{vkAj)= VkAjdfj,, j = l,2,... 

Jq 

We first send j to infinity and then k to infinity. Using the continuity of T, (16.1711 . and the monotone 
convergence theorem we get 

T{{u*)+) = [ {u*ydf,. 

Jn 

We proceed in the same way for {u*)~ and thus by linearity we conclude 

T{u) = — T{{u*)~) = f — {u*)~dfi = f u*d^. 

Jfi Jq 

Finally, to prove that (iv) implies (i) we take /i £ BVo{il)*. Since Wq^’^(U) C BVoiJd) then 

and therefore Lemma [7.31 implies that there exists F £ L°°(r2,]R") such that divF = fl and thus, 
since C Wq^’^(U), we conclude that divF = fi in the sense of distributions. □ 

7.5. Remark. If fl is a bounded domain containing the origin then the function f given in Propo- 
sition [57J\ belongs to BVo{fl)* but \ f\ does not. 

Theorem El and Lemma 17.31 immediately imply the following new result which states that the 
set of measures in i?Vb(U)* coincides with that of ITq’^(U)*. 

7.6. Theorem. The normed spaces Jfliodfl) H BVo{fl)* and A4ioc{fl) H Wg^’^(U)* are isometrically 
isomorphic. 

The proof of Theorem 17.61 is similar to that of Theorem 14.71 but this time one uses Theorem 17.41 
and Corollary 16.121 in place of Theorem 14.41 and Theorem 13.11 respectively. Thus we shall omit its 
proof. 


8. Finite measures in BV{ft)* 


In this section, we characterize all finite signed measures that belong to BV{fl)*. Note that 
the finiteness condition here is necessary at least for positive measures in BV{fl)*. By a measure 
p, £ BV(fl)* we mean that the inequality 


/ 

Jq 


u* dp, 


< C'llMllBU(n) 


holds for all u £ BV°°{fl). By Lemma 16.91 we see that such a p can be uniquely extended to be a 
continuous linear functional in BV(fl). 

We will use the following result, whose proof can be found in [201 Lemma 5.10.14]: 


8.1. Lemma. Let fl be an open set with Lipschitz boundary and u £ BV(fl). Then, the extension 
of u to K" defined by 

{u(x) 

«„(x) = 

satisfies that uq £ i3U(R”) and 


X G fl 
X £ R"\U 


where C = C{fl). 


||'«o||bu(r") < C'||u||Bv(a), 
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8.2. Theorem. Let Q be an open set with Lipschitz boundary and let p, be a finite signed measure 
in 12. Extend fi by zero to R" \Vl by setting fj,(ME \ 12) = 0. Then, fj, S BV{Vt)* if and only if 

( 8 . 1 ) \p.{u)\<cn^-\du) 

for every smooth open set U C R" and a constant C = 


Proof. Suppose that p G BV{Ll)*. Let u G ilV)f“(R") and assume that u is the representative that 
is defined ^^"'“^-almost everywhere. Consider v := uxn and note that w L H S BV°°{il) since Dv is 
a finite vector-measure in R" given by 


Dv = uDxn + XfiDu, 


and therefore, 


( 8 . 2 ) 


[ \Dv\ = [ \uDxn+XnDu\< f |M||Z2xn| + [ \Di 

J Cl J Cl J Cl J Cl 

= / \Du\ < / \Du\ = ||u||By(R") < + 00 . 

Jn ./R" 


Since p G BV{^1)* there exists a constant C = such that 


(8.3) 

Then, 


vdpL 


< C'lkllBy(a)- 


/ udpL = / udpL = / 

^R" Jn Jn 


vdfj. 


< C ||ii||By(a), by 



\Dv\ 

Jn 


C\\vhi^a)+C [ 

\Du\, by (|8.2I) 

JR' 



1 \Du\, since ! 


[ \Du\ 


< C 


f \Du\ = ||u||By(R„) , by Theorernim 

J 


which implies that p G i?y(R"')*. Thus, Theorem 14.41 gives 

HU)\ < cn^-\du) 

for every open set U C R" with smooth boundary. 

Conversely, assume that p satisfies condition (18.11) . Then Theorem 14.41 yields that pL G BViW^)*. 
Let u G BV°°{Lt) and consider its extension uq G 
ilV)f°(R”), there exists a constant C such that 


(8.4) 


[ (nor 

JR" 


dpi 


) as in Lemma O Then, since uq G 
< C'l|uo||By(R")- 


Now, Lemma 18.11 yields ||wo||bv'(R") < C'llRllBy(n) and since itg = 0 on R”\12 and mq = u on 12, 
we obtain from (18.4p the inequality 


(8.5) 

which means that p G BV{Ll)*. 


I 


dpi 


< C'll“llBy(n): 


□ 
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8.3. Remark. It is easy to see that if ^ is a positive measure in BV(Il)* then its action on BV{H) 
is given by 



for all u £ BV{il). 
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